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In a previous work �L. Delle Site, J. Phys. A: Math. Theor. 40, 2787 �2007��, the derivation of an analytic
expression for the kinetic functional of a many-body electron system has been proposed. Though analytical, the
formula is still nonlocal �multidimensional� and thus not ideal for numerical applications. In this work, by
treating the test case of a uniform gas of interacting spinless electrons, we propose a computational protocol
which combines the previous analytic results with the Monte Carlo sampling of electronic configurations in
space. This, we show, leads to an internally consistent scheme to design well founded local kinetic functionals.
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The design of electronic kinetic density functional is be-
coming a field of rapidly growing interest due to the central
role played by this quantity in orbital-free density functional
�OFDFT� methods. Such methods allow for large computa-
tional advantages compared to standard Kohn-Sham �KS�-
based techniques since they are computationally much less
demanding.1–5 Moreover, as the calculations are performed
only in real space, they allow for an optimal design of an
interface with classical codes to the aim of connecting the
electronic and the larger atomistic scales within a unified
computational framework.6,7 The criterion to measure the va-
lidity of the OFDFT approach is based on the quality of the
kinetic functional employed.8 In principle, if we had the ex-
act kinetic functional, the variational problem based on the
Hohenberg-Kohn theorem would not require the KS orbital-
based approximation anymore �in the KS approach, the ki-
netic energy is the exact kinetic energy of noninteracting
electrons, whereas the exchange and correlation part of the
kinetic energy is embedded into the exchange-correlation
functional which, in the practice of DFT, is only an approxi-
mation of the real one�. In practice, we must design kinetic
functionals, which are physically well founded and compu-
tationally less demanding than the KS-based approaches. The
most popular currently used kinetic functional consists of the
Thomas-Fermi and Weizsäcker terms, which are local, plus a
linear response term which is nonlocal.1 Recently, one of the
authors of the current work has explored a different path than
that above; this is based on obtaining a kinetic functional for
a system of N electrons whose two central quantities are the
one particle electron density ��r� and the �N−1�-conditional
probability density f�r2 , . . . ,rN �r1�.9,10 The first is defined
as ��r1�=N��N−1

�*�r1 ,r2 , . . . ,rN���r1 ,r2 , . . . ,rN�dr2 , . . . ,
drN �where �N−1 is the 3�N−1�-dimensional spatial domain
of the electrons and � is the 3N-dimensional wave function
of the electronic ground state normalized to 1�. f represents
the probability density of finding an N−1 electron configu-
ration, �r2 , . . . ,rN�, for a given fixed value of r1. Here, elec-
trons are treated as spinless fermions, i.e., in this context, as
particles characterized by a wave function which is zero at
any coalescence point �i.e., points where two electrons coin-
cide� under the approximation that the explicit effects of the
spin can be in the first instance neglected. The function f
satisfies the following properties �see also Refs. 11–15 for
the properties of f and its derivation�:

�
�N−1

f�r2, . . . ,rN�r1�dr2, . . . ,drN = 1, ∀ r1, �1�

f�r1, . . . ,ri, . . . ,r j−1,r j+1, . . . ,rN�r j� = 0

for i = j, ∀ i, j = 1,N , �2�

f�r1, . . . ,ri, . . . ,r j, . . . ,rk−1,rk+1, . . . ,rN�rk� = 0

for i = j, ∀ i, j � k . �3�

In terms of � and f , the equation to determine the ground
state of the systems writes9,10

E0 = min
�
�min

f
���f ,��� +

1

8
� ����r1��2

��r1�
dr1

+� v�r1���r1�dr1	 , �4�

where v�r1� is the external potential and

��f ,�� =� ��r1�
1

8
�

�N−1

��r1
f�r2, . . . ,rN�r1��2

f�r2, . . . ,rN�r1�
dr2, . . . ,drN

+
�N − 1�

2
�

�N−1

f�r2, . . . ,rN�r1�
�r1 − r2�

dr2, . . . ,drN�dr1.

�5�

Equation �4� is expressed in a.u., i.e., � ,m ,e ,4��0 are all
equal to 1. This approach, up to this point, is formally rigor-
ous; however, to proceed further, it requires an explicit ex-
pression for f . This latter is then built on the basis of the
mathematical prescription of Eqs. �1�–�3� and a physical first
principles argument. The physical argument used in this case
is rather simple, though powerful, that is, in contrast to the
case of a gas of noninteracting electrons; the gas of interact-
ing electrons is characterized by the presence of the Cou-
lomb electrostatic term acting pairwise between electrons.
The next step consists of writing f in terms of such an inter-
action in a way that Eqs. �1�–�3� are satisfied.16 The proposed
analytic form, consistent with the requirements above,
reads9,10
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f�r2, . . . ,rN�r� = eE� �r� · �
n=2,N

e−	EH�r,rn� 
 �
i�j�1

e−	EH�ri,rj�,

�6�

with the normalization condition

e−E� �r� =� �
n=2,N

�
i�j�1

e−	EH�r,rn�−	EH�ri,rj�dr2, . . . ,drN, �7�

where EH�ri ,r j�=
��ri���r j�

�ri−r j�
and 	 is a free parameter to be

optimized by minimizing � �with respect to 	� for a fixed �.
The resulting kinetic functional consists of a local term �the
Weizsäcker term, the second term on the right hand side �rhs�
of Eq. �4�� and an N-dimensional nonlocal term known as the
nonlocal Fisher information functional, which we will indi-
cate as I��� �Ref. 11� �first term on the rhs of Eq. �5��. The
other term in � is the Coulomb electron-electron term, which
we will indicate as C���, and is also a multidimensional in-
tegral. The aim of this work is to show, for a uniform gas
how by employing a Monte Carlo sampling of the electronic
configurations in space, the nonlocal kinetic term I��� �and in
general the functional ��f ,��� can be reduced numerically to
a local functional. Moreover, within the same approach, one
can perform numerically an optimal choice of the f by mini-
mizing � with respect to 	. The advantage with respect to
previous methods is that in this case, the effects of the cor-
relations between the electrons regarding the kinetic func-
tional are automatically incorporated into a local functional.
Moreover, within the OFDFT approach, the optimization
procedure for f and the reduction of the functional from non-
local to local can also be used as an intermediate step within
a full self-consistent procedure, as suggested by Eq. �4�. This
means that the kinetic functional for an OFDFT algorithm
can also be calculated on the fly without any adjustable em-
pirical parameters. This, as Eq. �4� shows, is valid beyond
the case of uniform gas that here we use as an illustrative
example.17

Monte Carlo evaluation of the nonlocal part of the kinetic
functional. At this point, the problem we must address to the
aim of obtaining a local functional from Eq. �5� is that of
reducing the 3N-dimensional integrals to three-dimensional
ones. The Metropolis Monte Carlo �MC� approach has been
shown to be ideal for this kind of problems �see standard
textbooks in the field, e.g., Ref. 18 or 19�. In general, the
choice of this kind of stochastic algorithms is a natural one
for high-dimensional problems since their efficiency, relative
to any other nonstochastic method, increases as the number
of dimensions of the integral increases. In this case, the in-
tegration is done with respect to the variables r2 , . . . ,rN for a
fixed value of r1 at a given density ��r1�. By performing the
integration for a large number of fixed r1 values, we then
obtain the expression of the functional local in r1. In order to
evaluate Eq. �5� within the MC approach, we need to rewrite
it as follows: ��f ,��=���r1�
I���r1��+C���r1���dr1, where
the key quantities I���r1�� and C���r1�� at a fixed r1 can be
conveniently written in the following form:

I���r1�� + C���r1�� = 
1

8
�

�N−1

drN−1f��� f

f
�2

+
1

N
�

i=1,N
�
j�i
�

�N−1

drN−1 f

�ri − r j�
�

��r1�,	

.

�8�

In the above equation, the two integrand functions are
written as a product of f that acts here as a weighting func-
tion and another function �of all the coordinates�. This is the
form suitable for the importance sampling MC algorithm.18

In fact, the integrals can be stochastically evaluated by using

I���r1�� + C���r1�� =
1

M
�

m=1,M

1

8
��� 1f

f
�2

+
1

N
�

i=1,N
�
j�i

1

�ri − r j�
�

��r1�,	

, �9�

where M is the number of randomly chosen configurations,
or configurational space points, at which the function in the
square brackets is sampled. The sum in Eq. �9� converges to
the integral of Eq. �8� when the configurations are generated
according to f . In practice, since f is not known explicitly
�the normalization factor is a multidimensional integral�, a
Markov chain is constructed with limiting density f . For the
case of a uniform gas, the Metropolis MC algorithm consists
of randomly displacing the present configuration of the sys-
tem of N electrons and then accepting the new configuration,
in a way that the density of particles on average stays con-
stant, with probability �i.e., with acceptance rule�,

a�old → new� = min�1,
fnew

fold
	 . �10�

The robustness of the algorithm lies on the fact that the terms
in the sum �Eq. �9�� can be evaluated at each configuration
with a relatively low computational cost. In fact, this is
trivial for the 1 / �ri−r j� term, while some algebra reduces the

term ��� 1f / f �2 as a function of �� 1EH�r1 ,rn�.
We modeled a uniform distribution of electrons by means

of a system of N electrons �with N=10, 25, 50, 100, and 250�
in a cubic box. The MC scheme works as follows: one elec-
tron is selected at random and a trial move is attempted. We
adopt a trial move as a uniformly distributed displacement of
a randomly selected electron. Explicitly, the acceptance rule
is

fnew

fold
= e−	�EH�r1,rk

new�−EH�r1,rk
old�� �

i�1,k
e−��EH�ri,rk

new�−EH�ri,rk
old��,

�11�

where k labels the attempted moved electron. If the move is
accepted, the terms of the sum in Eq. �9� are evaluated for
the average in the new configuration; otherwise, another in-
stance of the quantities evaluated in the old configuration
entries the average. Periodic boundary conditions and mini-
mum image convention were imposed. In practice, each dis-
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placed electron was in turn the center of the box and only
one instance of each particle was used in evaluating the
quantities in Eqs. �11� and �9�. Periodic replicas of the sys-
tem would be necessary for the evaluation of the slowly de-
caying “Coulomb” dependence of C���r1�� which is not the
quantity of interest in this work. In contrast, for the evalua-
tion of I���r1��, it would be physically wrong, within the
approximations done, to count correlations of periodic repli-
cas; in fact, by construction, f is characterized only by the
interaction of the N particles explicitly treated. Moreover, we
have numerically shown that, for the range of density cho-
sen, both the values 	 that minimize ��f ,�� and I���r1�� do
not depend on the size N of the system; thus, for the purposes
of this paper, we did not need to worry about the finite size
dependence of C���r1��. Of course, if one wants to treat the
whole functional �i.e., kinetic plus Coulomb term�, for ex-
ample, to calculate total energies, then the size effects and
the effects of the periodic images have to be taken carefully
into account.

For the case of uniform gas, once the sum in Eq. �9� is
obtained, the integral ��f ,�� is calculated by just multiplying
I���r1��+C���r1�� by the number of electrons N.

Numerical results. We performed the calculation at sev-
eral densities, selected in a way to resemble those of real
metals. For each density, we evaluated the sum in Eq. �9� at
different values of 	, searching for the value yielding the
minimum in the sum. Figure 1 shows the minimum found for
� as a function of 	 for three different densities: �a� high,
resembling the realistic case of Pt ��1.0 e /bohr3�, �b� inter-
mediate, resembling Ti ��0.2 e /bohr3�, and �c� low, resem-
bling Na ��0.04 e /bohr3�. The numerical evidence of the
existence of a minimum corroborates the conjecture that the
problem is variational and allows one to find the optimal 	
that in this way is no longer an empirical parameter. Having
the optimal 	 for the different densities, we can numerically
express I���r1�� and then fit the numerical results to a con-
venient functional form so that we can have an analytic ex-
pression. The formula we obtain is I���r1��=A+B ln���r1��,
with A=0.860
0.022 and B=0.224
0.012. Note that the
functional form of the fit was suggested by observation of

the plotted data: at this point, we do not attempt to give a
physical meaning to it. The calculated values of I���r1�� at
the optimal 	 are plotted in Fig. 2 together with the fit. Fi-
nally, we can propose a new local kinetic functional for
slowly varying densities, ready for OFDFT based codes,

K��� =
1

8
� ����r1��2

��r1�
dr1 +� ��r1��A + B ln ��r1��dr1.

�12�

In conclusion, we have illustrated a computational proto-
col which combines analytical and stochastic numerical ap-
proaches to address the problem of designing local kinetic
functional for OFDFT based codes. We have applied it to the
test case of uniform interacting gas of spinless electrons and
given arguments from which it emerges the general character
of the approach for any system in the ground state. Anyway,
it must be said that despite being an ideal system, the uni-
form gas has been often employed to develop tools for real-
istic calculations �see, e.g., the very recent work of Drum-
mond and Needs21�, often under the approximation of
spinless particles. For this reason, the specific results of this
work are already relevant beyond the role of illustrative ex-
ample. The approach shown here is internally �mathemati-
cally� consistent and computationally not expensive and
rather flexible. It may represent a direction along which to
proceed since it can be technically improved by both the
mathematical and computational points of view by improv-
ing the functional form of f �as discussed in Refs. 16 and 17�
and the sampling of the electronic configurations.
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manuscript.
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FIG. 1. The three panels show the values of 	 that minimize the
functional I���r1��+C���r1�� at three representative densities �for
N=100 electrons�. Energies and densities are expressed in a.u.
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FIG. 2. Calculated values of I���r1�� for N=50, 100, and 250
electrons. The continuous line is the fit we propose �see text�.
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